This paper deals with the asymptotic behavior of a coupled system involving of an incompressible Bingham fluid and the equation of the heat energy, in a three-dimensional bounded domain with
Introduction
In many problems, which study the asymptotic behavior for a problem of continuum mechanics in a thin domain, we transform the problem into an equivalent problem on a domain Ω independent of the parameter ε. Specifically, the case of Bingham fluid has been studied by many authors, for example : the analysis of the Bingham fluid flow variational inequality was carried out in [9] , where the authors investigated the existence, uniqueness and regularity of the solution for the steady and in-stationary flows in a reservoir. Existence and extra regularity results for the d-dimensional Bingham fluid flow problem with Dirichlet boundary conditions are also studied in [11, 12] . The numerical solution of the stationary Bingham fluid flow problem is studied in [6, 7, 13] . The study of the a nonlinear boundary value problem governed by partial differential equations which describe the evolution of nonlinear elastic materials has been considered in [1] . In [10] , the author has given in the last chapter of his doctoral thesis the asymptotic behavior of a Bingham fluid in a thin domain. Unfortunately this work is not done due to the difficulty encountered in this study which resides on the choice of test functions because of the boundary conditions imposed. Then in [5] , the authors studied the same problem, in which, only the Dirichlet conditions on the boundary have been considered. The authors in [8] have proved the asymptotic analysis of a isothermal Bingham fluid in a thin domain with non linear Tresca boundary conditions.
In this present paper, we further the research of [8] on the asymptotic behavior of a Bingham fluid in a thin domain Ω ε ⊂ R 3 with boundary
However, this time we consider a coupled problem which describes the motion of an incompressible fluid in a thin domain, governed by a coupled system of the equation of motion and the equation of the heat energy, obtained by using Fourier's law and neglecting the dissipation term. We consider Dirichlet boundary conditions on Γ ε 1 ∪ Γ ε L , where Γ ε L is the lateral one, the Fourier boundary condition at the top surface Γ ε 1 , finally, a nonlinear Tresca interface condition and homogeneous Neumann condition for the temperature at the bottom one ω. The weak form of the problem is a variational equality. The small change of variable z= x 3 ε , transforms the initial problem posed in the domain Ω ε into a new problem posed on a fixed domain Ω independent of the parameter ε. We prove some estimates on the displacement and temperature independent of the small parameter. The passage to the limit on ε, permits us to obtain a weak form of the Reynolds equation, give a lower-dimensional Bingham law, prevalent in engineering literature and the uniqueness of the solution (u * , T * ). This article is organized as follows. In Section 1, we recall the weak formulation of our coupled problem considered. Some estimates and convergence theorem by using the Korn and Poincaré inequalities (developed recently in Refs [3, 4] ) are given in Section 2. The limit problem with a specific weak form of the Reynolds equation, the uniqueness of the limit velocity and temperature are given in Section 3.
Problem statement and variational formulation
Let ω be fixed region in the plane
We suppose that ω has a Lipschitz boundary and is the bottom of the fluid domain. The upper surface Γ ε 1 is defined by x 3 = εh(x ′ ) where (0 < ε < 1) is a small parameter that will tend to zero and h a smooth bounded function
We denote by Ω ε the domain of the flow: 
or equivalently:
here α ε 0 is the yield stress, µ > 0 is the constant viscosity, u ε is the velocity field and
For any tensor τ = (τ ij ), the notation |τ | represents the matrix
• The law of conservation of momentum
where f ε = (f ε i ) 1 i 3 , denotes the body forces.
• The equation of the heat energy
obtained by using Fourier's law in which we neglect the dissipation term, where
is the thermal conductivity and r ε (T ε ) is the heat sources (see [9] ).
Our boundary conditions are describe as • At the surface Γ ε 1 we assume
where l ε > 0 on which we will bring precisions.
• On Γ ε L , the velocity is known and is parallel to the ω-plane
• On ω, there is no-flux condition across ω so that
the tangential velocity on ω is unknown and satisfies Tresca boundary conditions with friction coefficient k ε (as [9] ):
Here n = (n 1 , n 2 , n 3 ) is the unit outward normal to Γ ε , and
are, respectively, the normal and the tangential velocity on ω, and the components of the normal and the tangential stress tensor on ω.
For the temperature, we suppose that
To get a weak formulation, we introduce :
A formal application of Green's formula, using (2.1)-(2.9) leads to the weak formulation:
where
14)
to an additive constant) solution to problem (2.11)-(2.12).
Proof.
• For the proof of the equality (2.11), see [8, 10] .
• Now, for the equality (2.12), multiplying the equality (2.2) by φ ∈ H 1 Γ1∪ΓL (Ω ε ) and by using Green's formula, we find
Change of the domain and some estimates
We shall now focus our attention on the asymptotic analysis of problem (2.1)-(2.9). For this, we transform this problem into an equivalent one on a domain Ω independent of the parameter ε via the rescaling z=
and we denote by Γ =ω ∪ Γ L ∪ Γ 1 its boundary, then we define the following functions in Ω
Let us assume the following dependence (with respect of ε) of the data:
By injecting the new data and unknown factors in (2.11)-(2.12) and after multiplication by ε, we deduce
A priori estimates on the velocity and the pressure
In this subsection, we will obtain a priori estimates for the velocity fieldû ε and the pressurê p ε in the domain Ω. These estimates will be useful in proving the convergence ofû ε toward the expected function. However, it will not be enough to pass to the limit, and better estimates will be obtained in the next subsection. ∥ ∂û
A priori estimates on the temperature
In this subsection, we look for a priori estimates on the temperatureT ε , for this we need to establish the following Theorem: 
Proof. We choose in (3.2),φ =T ε and by Korn inequality, we find
By the Cauchy-Schwartz, Young inequalities and the compact injection
, So, using (3.3), we find:
Similarly,
and
By injecting (3.11) in (3.10), it becomes
, we find:
where:
According to (3.12) we deduce that :
By injecting this last estimate in (3.12), we deduce (3.8) and (3.9). 2
Theorem 2.3. Under the same assumptions as in Theorem 3.1, there exist u
(Ω) such that:
Proof. From (3.3) and (3.4), we deduce (3.13). Also (3.14) follow from (3.3) and (3.13). As div (û ε ) = 0, by (3.14), we obtain (3.15). From (3.5) and (3.3), (3.16) hold. Using (3.6) and (3.7) we get (3.17). Because div (û ε ) = 0, by (3.5) and with a particular choice of test function, we get (3.18). Finally, the convergences (3.19) and (3.20) are deduced directly from estimates (3.8)-(3.9). 
Study of the limit problem
In this section, using the second equation of (2.4) on Γ on the right, using the convergence results of the Theorem 3.3, we deduce
Theorem 3.1. The variational inequality (4.4) is equivalent the following system
where π obtained by the Hanh-Banach theorem, i.e.
In particular, from (4.5) and (4.8), we get ∫
Also, from (4.8) and (4.10), we have
from which (4.9) follows if we take in (4.17
Under the assumptions of preceding theorems, the traces s ⋆ , τ ⋆ satisfy the following inequality
Proof. We integrate twice (4.9) between 0 and z, to obtain
where, τ
By integrating between 0 in z, we find:
in particular for z = h we obtain,
integrating (4.20) between 0 and h, we obtain:
Substituting (4.21) into (4.22) and for all φ ∈ H 1 (ω) we deduce (4.18). 2 For the uniqueness of the limit velocity and temperature, we put:
the limit problem (4.2) and (4.5)-(4.6) is unique in
where β > 0, Cμ > 0, Cr > 0 and G are determined in the proof.
Proof. For the proof of this theorem, we follow the same steps as in [2] .
) be two solutions of (4.2) and (4.5)-(4.6).
. Let us putφ = u * ,2 in (4.23) andφ = u * ,1 in (4.24), then adding two new equations, we find
Asμ μ > 0 and using Poincaré's inequality, we have
Now, the analogous results of [2] , is given by 
